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ELLIPTIC PROBLEMS AND HOLOMORPHIC
FUNCTIONS IN BANACH SPACES
WOLFGANG ARENDT, MANUEL BERNHARD, AND MARCEL KREUTER
Abstract. In the first part we show that a vector-valued almost
separably valued function f is holomorphic (harmonic) if and only
if it is dominated by an L1
loc
function and there exists a separating
set W ⊂ X ′ such that 〈f, x′〉 is holomorphic (harmonic) for all
x′ ∈ W . This improves a known result which requires f to be
locally bounded. In the second part we consider classical results in
the Lp theory for elliptic differential operators of second order. In
the vector-valued setting these results are shown to be equivalent
to the UMD property.
1. Introduction
Let f : Ω → X , where Ω is an open subset of C (or Rd) and X is
a complex (real) Banach space. The function f is called holomorphic
(harmonic) if it is complex differentiable (twice partially differentiable
with ∆f = 0). The first part of this article is concerned with a cri-
terion for vector-valued holomorphy (harmonicity). The function f is
called weakly holomorphic (weakly harmonic) if x′ ◦ f is holomorphic
(harmonic) for all x′ ∈ X ′. We say that f is very weakly holomorphic
(very weakly harmonic) if there exists a separating subset W ⊂ X ′
such that x′ ◦ f is holomorphic (harmonic) for all x′ ∈ W .
It was shown in [11] (see also [12]) that a vector-valued function f
is holomorphic if and only if it is locally bounded and very weakly
holomorphic. This answered a question posted in [17] ten years earlier.
A very short proof was given in [4]. In [2] it was shown that a similar
approach yields the analogous result for harmonic functions. The first
part of this paper is concerned with an improvement of these results. It
is known, that very weak holomorphy alone is not sufficient [4, Theorem
1.5]. However, we will show that the boundedness assumption can be
weakened. We say that a set F of functions from Ω to X is locally L1-
bounded if there exists a function g ∈ L1loc(Ω,R) such that ‖f(ξ)‖X ≤
g(ξ) holds for almost all ξ ∈ Ω and for all f ∈ F . A single function
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f : Ω → X is called locally L1-bounded if {f} is locally L1-bounded.
A net {fi}i∈I is called locally L
1-bounded if {fi, i ∈ I} is locally L
1-
bounded. Our result is the following.
Theorem 1.1. Let X be a Banach space and Ω ⊂ C (Ω ⊂ Rd) be
open. A function f : Ω → X is holomorphic (harmonic) if and only
if it is locally L1-bounded and very weakly holomorphic (very weakly
harmonic).
We give two proofs of this result, one of which is very short, but is
only valid ifX is separable, and one that follows the approach in [4] and
[2]. The first proof will also yield a shortcut proof for the vector-valued
version of Weyl’s lemma. This result will be needed in the second part
of the paper. The set L(D(Ω, R), X) of X-valued distributions on Ω
will be denoted by D′(Ω, X).
Theorem 1.2 (Weyl). Let Ω ⊂ Rd be open, X be a Banach space
and let f ∈ L1loc(Ω, X) such that ∆f = 0 in D
′(Ω, X). Then f has a
harmonic representative; that is, there exists f ∗ ∈ C∞(Ω, X) such that
∆f ∗ = 0 and f = f ∗ almost everywhere.
Recall that ∆f = 0 in the sense of distributions means that
∫
f∆ϕ =
0 for all test functions ϕ ∈ C∞c (Ω,R). In view of the formulation of
Theorem 1.1 we want to remark that this is equivalent to saying that
there exists a separating setW ⊂ X ′ such that ∆(x′◦f) = 0 in D′(Ω,R)
for all x′ ∈ W .
In the second part of the paper, Sections 4 - 6, we investigate some
classical elliptic problems. Again, we ask whether the solutions with
values in a Banach space have the same regularity as in the scalar case.
Using a result by Geiss, Montgomery and Saksman [8] on homogeneous
vector-valued multipliers we prove our main technical tool, Thereom
4.3, on regularity properties of Newtonian potentials. This result will
be used to determine the domain of the Laplacian on Lp(Rd, X). One
of our main results shows that on a bounded domain Ω of class C1,1
the following classical property characterizes UMD-spaces: Given f ∈
Lp(Ω, X) there exists a unique u ∈ W 1,p0 (Ω, X) ∩ W
2,p(Ω, X) solving
∆u = f . More general elliptic operators are also considered in Section
6.
Parts of this work are contained in the third author’s thesis [15].
2. Harmonic and Holomorphic Functions – The Separable
Case
In this section we will give a proof of Theorem 1.1 in the case of a
separable Banach space.
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Lemma 2.1. Let Ω ⊂ Rd be open and let f ∈ L1loc(Ω,R) such that
∆f = 0 in D′(Ω,R). Furthermore let ρr be a mollifier supported in
B(0, r), r > 0, consisting of radial functions. Then ρr ∗ f = f almost
everywhere in Ωr := {ξ ∈ Ω, dist(ξ, ∂Ω) > r}.
Proof. Since ∆f = 0 distributionally there exists a harmonic represen-
tative f ∗ of f by Weyl’s Lemma in the real-valued case [5, Chapter
II, §3, Proposition 1]. Since f = f ∗ almost everywhere it follows that
ρr ∗ f = ρr ∗ f
∗ everywhere in Ω. Now by [7, Chapter 2, Proof of
Theorem 6] we have that ρr ∗ f
∗ = f ∗ on Ωr from which the claim
follows. 
Proof of Theorem 1.1 if X is separable. (a) We start with the case that
f is very weakly harmonic. Then f is very weakly measurable, and it
follows from the Krein-Sˇmulyan theorem (c.f. Section 3) that f is mea-
surable – for a full proof we refer the reader to [1, Theorem 1.2] or
[14, Theorem 1.1.20]. Since f is locally L1-bounded it follows that
f ∈ L1loc(Ω, X). Let ρr be a mollifier supported in B(0, r). Then the
function fr := ρr ∗ f is well-defined and smooth in Ωr. Lemma 2.1
shows that 〈fr, x
′〉 = ρr ∗ 〈f, x
′〉 = 〈f, x′〉 in Ωr for every x
′ in the sepa-
rating set W ⊂ X ′ for which 〈f, x′〉 is harmonic. Since W is separating
it follows that fr = f in Ωr. In particular: f is smooth and hence –
using again that W is separating – ∆f = 0.
(b) Now we come to the case where f is very weakly holomorphic.
Analogously to the harmonic case one sees that f is locally integrable.
Let z0 ∈ Ω and let r0 > 0 such that B(z0, r0) ⊂⊂ Ω. Since f is inte-
grable on B(z0, r0) it follows from Fubini’s theorem that f is integrable
on the sphere S(z0, r) for almost all r ≤ r0. Choose such an r and
define
u(z) :=
1
2πi
∫
|w−z0|=r
f(w)
z − w
dw
for all z ∈ B(z0, r). As in the scalar case one shows that u defines a
holomorphic function. Cauchy’s integral formula shows that
〈u(z), x′〉 = 〈f(z), x′〉
for all x′ ∈ W and all z ∈ B(z0, r). Since W is separating it follows
that u = f and hence f is holomorphic. 
The approach used for the case where f is very weakly harmonic also
yields the
Proof of Theorem 1.2. Let ρr be a mollifier supported in B(0, r) ⊂⊂ Ω.
By assumption the function fr := ρr ∗ f is well-defined. Since f is
measurable we may assume that X is separable. In this case there
exists a countable separating set W ⊂ X ′ [14, Proposition B.1.10].
Lemma 2.1 shows that for every x′ ∈ W there exists a negligible set
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Nx′ such that 〈fr, x
′〉 = 〈f, x′〉 in Ωr\Nx′. Since W is countable the set
N :=
⋃
x′∈W Nx′ is negligible. Furthermore W separates X and hence
fr = f almost everywhere in Ωr. For every x
′ ∈ W the function 〈f, x′〉
has a harmonic representative by Weyl’s Lemma in the real-valued
case [5, Chapter II, §3, Proposition 1]. Since 〈fr, x
′〉 is a continuous
representative of 〈f, x′〉 in Ωr it follows that 〈fr, x
′〉 is the harmonic
representative of 〈f, x′〉 in Ωr. Since W is separating it follows from
Theorem 1.1 that fr is harmonic in Ωr. The claim now follows by
taking a sequence rn → 0 and defining f
∗(ξ) := frn(ξ), where ξ ∈ Ωrn .
Then f ∗ : Ω → X is well-defined, harmonic, and conincides with f
almost everywhere. 
We want to give a holomorphic version of Theorem 1.2 using the
distributional Cauchy-Riemann equations
D1u = D2v
D2u = −D2v.
For vector-valued functions – which do not have a real or imaginary
part – we make sense of these equations by saying that a function
f : Ω → X from an open subset of C into a complex Banach space
satisfies the Cauchy-Riemann equations very weakly distributionally if
there exists a separating set W ⊂ X ′ such that the functions
u := Re〈f, x′〉 and v := Im〈f, x′〉
satisfy the Cauchy-Riemann equations distributionally for every x′ ∈
W . The following lemma is known, but we present a proof using our
results.
Lemma 2.2 ([10, Theorem 9]). Let Ω ⊂ C be open and let f ∈
L1loc(Ω,C) such that f satisfies the Cauchy-Riemann equations distri-
butionally. Then f has a holomorphic representative.
Proof. It follows from the Cauchy-Riemann equations that the func-
tions u := Re f and v := Im f are harmonic in D′(Ω,R). Lemma 2.1
shows that for a radially symmetric mollifier ρr supported in B(0, r) we
have fr := ρr ∗f = f almost everywhere in Ωr. Since fr is continuously
partially differentiable it satisfies the Cauchy-Riemann equations in the
classical sense in Ωr and thus is holomorphic. We may now define the
representative of f analogously to the proof of Theorem 1.2. 
Theorem 2.3. Let Ω ⊂ C be open and let X be a complex Banach
space. Suppose f ∈ L1loc(Ω, X) satisfies the Cauchy-Riemann equations
very weakly distributionally. Then f has a holomorphic representative.
Proof. Since f is measurable we may assume that X is separable. By
[14, Theorem B.1.11] we may assume that W is countable. Let ρr be a
radially symmetric mollifier supported in B(0, r) and define fr := ρr∗f .
Let x′ ∈ W . By Lemma 2.2 we know that 〈f, x′〉 has a holomorphic
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representative and the proof tells us that in Ωr this representative is
given by ρr ∗ 〈f, x
′〉 = 〈fr, x
′〉. Since W is countable, it follows that fr
is a representative of f in Ωr. Furthermore, Theorem 1.1 shows that fr
is holomorphic in Ωr. The representative is then defined as above. 
3. Harmonic and Holomorphic Functions – The General
Case
As announced before, we will now give a proof of Theorem 1.1 which
is valid also in non-seperable spaces. We use arguments of [4] and
[2] but add a new idea to get around with the L1loc-hypothesis only.
We gather some results which we will need for the proof. By σd−1 we
denote the (d− 1)-dimensional Hausdorff measure in Rd and by ωd the
Hausdorff measure of the unit sphere Sd−1 ⊂ R
d.
Lemma 3.1 ([2, Lemma 2.3 and Theorem 5.2], also c.f. [13]). (a) Let
Ω ⊂ C be open and let X be a Banach space. A function f : Ω→ X
is holomorphic if and only if it is weakly holomorphic. In this case,
f satisfies Cauchy’s integral formula
f(z) =
1
2πi
∫
|w−z0|=r0
f(w)
w − z
dw
for all z0 ∈ Ω and r0 > 0 such that z ∈ B(z0, r0) ⊂⊂ Ω.
(b) Let Ω ⊂ Rd be open and let X be a Banach space. A function
f : Ω → X is harmonic if and only if it is weakly harmonic. In
this case, f satisfies Poisson’s integral formula
f(ξ) =
1
ωdr0
∫
Sd−1(ξ0,r0)
r20 − |ξ − ξ0|
2
|ξ − s|d
f(s) dσd−1(s)
for all ξ0 ∈ Ω and r0 > 0 such that ξ ∈ B(ξ0, r0) ⊂⊂ Ω.
Proposition 3.2. Let X be a Banach space and let {fi}i∈I be a locally
L1-bounded net of X-valued holomorphic (harmonic) functions on the
open set Ω ⊂ C (Ω ⊂ Rd). Assume that f := limi∈I fi exists pointwise
in Ω. Then f is a holomorphic (harmonic) function and f = limi∈I fi
uniformly on compact sets.
Proof. We start with the case of holomorphic functions. Let z0 ∈ Ω.
By Fubini’s theorem the net {fi}i∈I is locally L
1-bounded on the set
{w ∈ Ω, |w − z0| = r0} for almost all r0 > 0. Fix such an r0 > 0 and
denote by Γ the set {w ∈ Ω, |w − z0| = r0}. Cauchy’s integral formula
yields
‖fi(z1)− fi(z2)‖X ≤
1
2π
∫
Γ
‖fi(w)‖X
∣∣∣∣ z1 − z2(w − z1)(w − z2)
∣∣∣∣ dw
≤
C
2π
‖fi‖L1(Γ,X)|z1 − z2|
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for all z1, z2 ∈ B(z0, r0), some constant C = C(dist(z1,Γ), dist(z2,Γ))
and all i ∈ I. Since the net {fi}i∈I is locally L
1-bounded this shows
that {fi}i∈I is equicontinuous on compact subsets. Hence f = limi∈I fi
exists uniformly on compact sets and it follows that f satisfies Cauchy’s
integral formula and is thus holomorphic. The case of harmonic func-
tions is treated analogously using Poisson’s integral formula. 
Theorem 3.3 (Krein-Sˇmulyan [16, Corollary 2.7.12]). Let X be a Ba-
nach space and let Y ⊂ X ′ be a subspace. Then Y is closed in the
weak-∗ topology if and only if Y ∩ BX′ is weakly-∗ closed, where BX′
denotes the closed unit ball in X ′.
Proof of Theorem 1.1 for general Banach spaces. Consider the space
Y := {x′ ∈ X ′, x′ ◦ f is holomorphic (harmonic)}.
Since W ⊂ Y it follows that Y is weak-∗ dense in X ′. It remains
to show that Y is closed in the weak-∗ topology since then the result
follows from Lemma 3.1. By the Krein-Sˇmulyan theorem it suffices to
show that Y ∩ BX′ is weakly-∗ closed for every r > 0. Let {x
′
i}i∈I be
a net in Y ∩ BX′ such that x
′
i ⇀
∗ x′ ∈ BX′ . The net formed by the
functions fi := x
′
i ◦ f is locally L
1-bounded and converges pointwise to
x′◦f . By Proposition 3.2 it follows that x′◦f is holomorphic (harmonic)
and hence x′ ∈ Y . 
Vitali’s convergence theorem is usually stated for bounded sequences
of holomorphic functions. We apply our results to show that it also
holds for locally L1-bounded sequences. Let Ω be an open and con-
nected set in C (or Rd). A subset N ⊂ Ω is called a set of uniqueness
for holomorphic (harmonic) functions if every holomorphic (harmonic)
function which vanishes on N also vanishes on Ω. It is well known that
any infinite set contained in a compact subset ofΩ is a set of uniqueness
for holomorphic functions. This does not hold for harmonic functions.
On the other hand, if the closure of N ⊂ Ω has non-empty interior,
then N is a set of uniqueness for harmonic functions.
Theorem 3.4 (Vitali). Let X be a Banach space and let fn be a locally
L1-bounded sequence of X-valued holomorphic (harmonic) functions.
Suppose that N ⊂ Ω is a set of uniqueness for holomorphic (harmonic)
functions such that limn→∞ fn exists pointwise on N . Then limn→∞ fn
exists uniformly on compact sets and defines a holomorphic (harmonic)
function.
Proof. The function
F : Ω→ ℓ∞(N, X)
z 7→ (fn(z))n∈N
is holomorphic (harmonic) by Theorem 1.1. Let c(N, X) ⊂ ℓ∞(N, X)
be the closed subspace of all convergent sequences and denote by q the
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quotient map ℓ∞(N, X)→ ℓ∞(N, X)/c(N, X). Then q ◦ F is holomor-
phic (harmonic) and vanishes on N . Since N is a set of uniqueness we
have q ◦ F = 0, that is, F (z) is convergent for every z ∈ Ω. The claim
now follows from Proposition 3.2. 
4. Newtonian Potentials
With this section we start the second part of this paper on elliptic Lp
theory in Banach spaces. Our results about harmonic functions from
Section 3 will play a role in Section 6. In the remainder of the paper X
denotes a real Banach space. We recall some facts about the Newtonian
potential which can be proved analogously to the real-valued case, see
[9, Section 4.2] and [5, Chapter II, §3]. The fundamental solution for
the Laplace equation is given by
R
d\{0} ∋ ξ 7→ Φ(ξ) =
{
1
2pi
log |ξ|, if d = 2
1
d(2−d)λ(B(0,1))
|ξ|2−d, if d > 2.
For f ∈ L1(Rd, X) with compact support we define the Newtonian
potential of f via
Φ ∗ f.
The Newtonian potential of f is an element of L1loc(R
d, X) and satisfies
Poisson’s equation ∆(Φ ∗ f) = f in D′(Rd, X). Furthermore, if f is
compactly supported and Ho¨lder continuous, the Newtonian potential
of f is in C2(Rd, X) and satisfies ∆(Φ ∗ f) = f in the classical sense,
cf. [9, Section 4.2].
In this section we will show that certain classical Lp estimates for
the Newtonian potential on domains imply the UMD property of X .
For an overview concerning the UMD property we refer the reader to
[14, Chapter 5]. The base for our results is the following multiplier
theorem. We denote by MLp(Rd, X) the space of all scalar-valued
Lp(Rd, X) multipliers, see [14, Definition 5.3.3].
Theorem 4.1 ([8, Theorem 3.1]). Let d ≥ 2 and let X be a Ba-
nach space. Let m ∈ C∞(Rd\{0},R) be even, not constant and 0-
homogeneous, that is,
m(λξ) = m(ξ)
for all ξ ∈ Rd\{0} and λ > 0. Suppose that m ∈MLp(Rd, X) for some
1 < p <∞. Then X has the UMD property
Corollary 4.2. Let j, k ∈ {1, . . . , d}. If the second-order Riesz trans-
form RjRk (associated with the multiplier −
ξiξj
|ξ|2
) is bounded in Lp(Rd, X)
for some 1 < p <∞, then X has the UMD property.
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Using this corollary we may prove the main result of this section – a
further characterization of the UMD property which will be useful in
the next section.
Theorem 4.3. Let d ≥ 2, Ω ⊂ Rd be open and non-empty and let
1 < p < ∞. Suppose that there exists a constant C > 0 and j, k ∈
{1, . . . , d} such that the estimate
‖Djk(Φ ∗ f)‖Lp(Ω,X) ≤ C‖f‖Lp(Ω,X)
holds for all f ∈ C∞c (Ω, X). Then X has the UMD property.
Proof. Since Φ ∈ L1loc(R
d,R), one has Φ ∗ f ∈ C∞(Rd, X) for all f ∈
C∞c (R
d, X). Moreover
∆(Φ ∗ f) = f
in the classical sense. For f : Rd → X and λ > 0 define the dilation
fλ(x) := f(λx)
of f . Consider the operator T : C∞c (R
d, X)→ C∞(Rd, X) given by
Tf = Djk(Φ ∗ f).
It is remarkable that T commutes with dilation, that is,
(Tf)λ = Tfλ
for all f ∈ C∞c (R
d, X). To see this we first note that
Φ(λ−1·) = λd−2Φ(·) + cd(λ)
where cd(λ) = 0 if d > 2 and c2(λ) is a constant. Consequently, for
f ∈ C∞c (R
d, X), λ > 0 and ξ ∈ Rd we have
(Φ ∗ fλ)(ξ) =
∫
Φ(ξ − η)f(λη) dη
= λ−d
∫
Φ
(
ξ −
ω
λ
)
f(ω) dω
= λ−d
∫
Φ(λ−1(λξ − ω)f(ω) dω
= λ−2
∫
Φ(λξ − ω)f(ω) dω + λ−dcd(λ)
∫
f(ω) dω
= λ−2(Φ ∗ f)(λξ) + λ−dcd(λ)
∫
f(ω) dω.
Consequently, since the second term does not depend on ξ,
Djk(Φ ∗ fλ) = (Djk(Φ ∗ f))λ.(1)
Next we note that for each measurable function g : Rd → X and λ > 0
we have
λ
d
p‖gλ‖Lp(Rd,X) = ‖g‖Lp(Rd,X).(2)
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Using Corollary 4.2 it remains to show thatRjRk is bounded on L
p(Rd, X).
Since Ω is open we may assume that it contains (−1, 1)d. Let f ∈
C∞c (R
d, X). Since ∆(Φ ∗ f) = f it follows that RjRkf = Djk(Φ ∗ f) =
Tf . Choose λ > 0 such that supp f ⊂ (−λ, λ)d. Thus fλ ∈ C
∞
c (Ω, X)
and we have RjRkf = Djk(Φ ∗ f) by (1). Using (1) and (2) as well as
the assumption we obtain
‖RjRkf‖Lp((−λ,λ)d,X) = λ
d
p‖(RjRkf)λ‖Lp((−1,1)d ,X)
≤ λ
d
p‖(Djk(Φ ∗ f))λ‖Lp(Ω,X)
= λ
d
p‖Djk(Φ ∗ fλ)‖Lp(Ω,X)
≤ λ
d
pC‖fλ‖Lp(Ω,X)
= C‖f‖Lp(Rd,X).
Letting λ→∞, this shows that RjRk is bounded. 
5. The Domain of the Laplacian on Lp(Rd, X)
LetX be a Banach space and 1 < p <∞. The operator ∆p is defined
as the distributional Laplacian with maximal domain in Lp(Rd, X),
that is,
D(∆p) := {f ∈ L
p(Rd, X),∆f ∈ Lp(Rd, X)}
∆pf := ∆f.
It is not difficult to see that ∆p is the generator of the Gaussian
semigroup, see Proposition 5.5 below. If X has the UMD property, the
following estimate is known.
Proposition 5.1 ([14, Proposition 5.5.4]). Let X be a Banach space
that has the UMD property and let 1 ≤ p < ∞. Suppose that u ∈
Lp(Rd, X) with ∆u ∈ Lp(Rd, X). Then for j, k ∈ {1, . . . , d} we have
Djku ∈ L
p(Rd, X) and there exists a constant C ≥ 0 such that
‖Djku‖Lp(Rd,X) ≤ C‖∆u‖Lp(Rd,X).
In fact: Djku is given by the second-order Riesz transform RjRk∆u.
Using this we now show
Proposition 5.2. Let X be a Banach space which has the UMD prop-
erty and let 1 < p <∞. Then
D(∆p) =W
2,p(Rd, X).
We will need the following lemmata for the proof.
Lemma 5.3 ([14, Lemma 5.5.5]). The space C∞c (R
d, X) is a core for
∆p (1 ≤ p <∞).
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Lemma 5.4 (Interpolation). Let 1 ≤ p <∞ and let Ω ⊂ Rd be open.
For every ε > 0 there exists a constant Cε > 0 such that
‖∇u‖Lp(Ω,Xd) ≤ ε‖D
2u‖Lp(Ω,Xd×d) + Cε‖u‖Lp(Ω,X),
for every u ∈ W 2,p0 (Ω, X). If Ω has a C
1,1 boundary such an inequality
is also valid in W 2,p(Ω, X).
Proof. This can be proved analogously to the real-valued case [9, Theo-
rems 7.27 and 7.28]. Note that the more elegant proof [9, Exercise 7.19]
using the Rellich-Kondrachov theorem does not work in this case since
the compact embeddings obviously cannot hold in infinite dimensional
spaces. 
Proof of Proposition 5.2. The inclusion ” ⊇ ” is clear. Now let f ∈
D(∆p) and let ϕn ∈ C
∞
c (R
d, X) such that ϕn → f and ∆ϕn → ∆f . By
the estimates in Proposition 5.1 and Lemma 5.4 there exists a constant
C > 0 such that
‖ϕn‖W 2,p(Rd,X) ≤ C(‖ϕn‖Lp(Rd,X) + ‖∆ϕn‖Lp(Rd,X)),
for all n ∈ N. This shows that ϕn is Cauchy in W
2,p(Rd, X) and hence
f ∈ W 2,p(Rd, X). 
We now want to show the converse of Proposition 5.2. We will need
Proposition 5.5. Let 1 ≤ p < ∞. The operator ∆p is the generator
of the strongly continuous Gaussian semigroup G on Lp(Rd, X) given
by
(G(t)f)(ξ) := (4πt)−
d
2
∫
Rd
f(ξ − η) exp
(
−
|η|2
4t
)
dη,
where t > 0, ξ ∈ Rd and f ∈ Lp(Rd, X).
Proof. The assertion is well-known ifX = R [3, Example 3.7.6]. Testing
with x′ ∈ X ′ it follows immedeately that G is a semigroup. The strong
continuity of G is also well-known [3, Lemma 1.3.3]. Let A be the
generator of G and let ∆Rp be the operator ∆p for X = R. Consider
the space
D := span{f ⊗ x, f ∈ D(∆Rp ), x ∈ X}.
Since D is dense in Lp(Rd, X) and invariant under the semigroup G
it follows that D is a core for A [6, Proposition I.1.7]. Obviously,
D ⊂ D(∆p) and ∆p coincides with A on D. Since ∆p is closed, it
follows that A ⊂ ∆p. To show the inclusion A ⊃ ∆p note that λ ∈ ρ(A)
for λ > 0. It remains to show that λ−∆p is injective. But this follows
immediately from the real-valued case. 
Theorem 5.6. The Banach space X has the UMD property if and only
if
D(∆p) = W
2,p(Rd, X)
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for some, equivalently all, 1 < p <∞.
Proof. It remains to show the ”if” part. Since ∆p generates a C0 semi-
group there exists µ > 0 such that µ ∈ ρ(∆p). By assumption we
have
‖DjDkf‖Lp(Rd,X) ≤ ‖f‖W 2,p(Rd,X) ≤ C‖µf −∆f‖Lp(Rd,X),
where C = ‖R(µ,∆p)‖L(Lp(Rd,X),W 2,p(Rd,X)) and 1 ≤ j, k ≤ d. This holds
in particular for f ∈ C∞c (R
d, X). Taking the Fourier transform on both
sides yields that the function
m(ξ) :=
−4π2ξjξk
µ+ 4π2|ξ|
(ξ ∈ Rd)
is in MLp(Rd, X). We now use a scaling argument with the same
notation as in the proof of Theorem 4.3. The transformation formula
shows that
F±1fλ = λ
−d(F±1f)λ−1
for every f ∈ C∞c (R
d, X). Hence the operator Tmλ assiociated with the
multiplier mλ satisfies
Tmλf = F
−1(mλFf)
= F−1((m(Ff)λ−1)λ)
= F−1((mλdFfλ)λ)
= (F−1(mFfλ))λ−1
= (Tmfλ)λ−1,
from which we can estimate
‖Tmλf‖Lp(Rd,X) = ‖(Tmfλ)λ−1‖Lp(Rd,X)
= λ
d
p‖Tmfλ‖Lp(Rd,X)
≤ λ
d
p‖Tm‖L(Lp(Rd,X))‖fλ‖Lp(Rd,X)
= ‖Tm‖L(Lp(Rd,X))‖f‖Lp(Rd,X).
By symmetry we obtain ‖Tmλ‖L(Lp(Rd,X)) = ‖Tm‖L(Lp(Rd,X)). Note that
mλ → −
ξjξk
|ξ|2
=: m∞
pointwise and that |mλ| ≤ 1 for all λ > 0. By the dominated con-
vergence theorem we have Tmf → Tm∞f . Fatou’s lemma shows that
m∞ ∈ML
p(Rd, X) and hence the claim follows from Theorem 4.1. 
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6. Elliptic operators on domains
In the last section we showed that the Laplacian on Lp(Rd, X) has
the maximal regularity domain W 2,p(Rd, X) if and only if X is a UMD
space. Our aim in this section is to show the analogous result for the
Dirichlet Laplacian on a bounded domain Ω of class C1,1. In fact, we
also consider more general operators.
Let L be an elliptic operator in non-divergence form given by
L := aijDij + biDi + c,
where aij, bi, c ∈ L
∞(Ω,R) and a = (aij)ij is a symmetric matrix satis-
fying
aij(·)ξiξj ≥ λ|ξ|
2
almost everywhere in Ω for some fixed λ > 0 and all ξ ∈ Rd. In this
section we consider the Dirichlet problem{
Lu = f
u− ϕ ∈ W 1,p0 (Ω, X),
where f ∈ Lp(Ω, X) and ϕ ∈ W 2,p(Ω, X) are given. We will show that
the existence of a unique solution is equivalent to the UMD property.
We first start with the sufficiency of the UMD property. For L we have
the following Lp estimate.
Theorem 6.1. Let Ω ⊂ Rd be open and bounded with a C1,1 boundary
and let L be an elliptic operator as above. Furthermore assume that
a ∈ C(Ω,Rd×d). Let X be a Banach space which has the UMD property
and let 1 < p <∞. Then there exists a constant C > 0 such that
‖u‖W 2,p(Ω,X) ≤ C(‖u‖Lp(Ω,X) + ‖Lu‖Lp(Ω,X))
for all u ∈ W 2,p(Ω, X) ∩W 1,p0 (Ω, X).
Proof. Proceed as in the proof of [9, Theorem 9.13] proving the esti-
mates for the Laplacian [9, Theorem 9.9] using Proposition 5.1 and also
using the interpolation estimate in Lemma 5.4. 
To show existence we will need an estimate which does not depend
on ‖u‖Lp(Ω,X). As in Lemma 5.4, we cannot prove this estimate analo-
gously to the real-valued case [9, Lemma 9.17] since this proof uses the
Rellich-Kondrachov theorem. We gather some information about the
real-valued case.
Theorem 6.2. (a) Let Ω ⊂ Rd be open and bounded with a C1,1-
boundary and let L be an elliptic operator with a ∈ C(Ω,Rd×d)
and c ≤ 0. Then for every data f ∈ Lp(Ω,R) and ϕ ∈ W 2,p(Ω,R)
with 1 < p < ∞ there exists a unique u ∈ W 2,p(Ω,R) satisfying
Lu = f and u− ϕ ∈ W 1,p0 (Ω,R).
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(b) In the setting of (a) let ϕ = 0 and define
T : Lp(Ω,R)→W 2,p(Ω,R) ∩W 1,p0 (Ω,R)
via f 7→ u. Then −T is a positive operator, that is, Tf ≤ 0
whenever f ≥ 0.
Proof. (a) is the assertion of [9, Theorem 9.15]. For the proof of (b) we
first let f ∈ C∞c (Ω,R)+. Then f ∈ L
d(Ω,R) and hence by uniqueness
the solution u := Tf is an element of W 2,d(Ω,R) ∩W 1,d0 (Ω,R). Fur-
thermore it is continuous up to the boundary by Morrey’s embedding
theorem. Since Ω has a C1,1 boundary this implies that u|∂Ω = 0 in the
classical sense. Suppose that u(ξ) > 0 for some ξ ∈ Ω. Then u has a
nonnegative maximum in Ω. This contradicts the maximum principle
[9, Theorem 9.6].
Now let f ≥ 0 be arbitrary. There exist nonnegative functions fn ∈
C∞c (Ω,R) such that fn → f in L
p(Ω,R). By the first step we know
that the solution un := Tfn is non-positive. The estimate in [9, Lemma
9.17] shows that un is Cauchy and hence convergent in W
2,p(Ω,R) ∩
W 1,p0 (Ω,R). The uniqueness of the solution shows that u ≤ 0. 
Proposition 6.3. In the setting of Theorem 6.1 let c ≤ 0. Then we
have the estimate
‖u‖W 2,p(Ω,X) ≤ C‖Lu‖Lp(Ω,X),
for some C > 0.
Proof. Let T be the operator in Theorem 6.2 (b) considered as a bounded
operator Lp(Ω,R) → Lp(Ω,R). The operator T can be linearly ex-
tended to finite sums of tensors of the form f⊗x with f ∈ Lp(Ω,R) and
x ∈ X . Since −T is a positive operator there exists a unique bounded
operator T˜ with the same norm as T mapping Lp(Ω, X) → Lp(Ω, X)
which coincides with T on finite sums of tensors [14, Theorem 2.1.3].
Note that T˜Lu = u and thus ‖u‖Lp(Ω,X) ≤ ‖T˜‖L(Lp(Ω,X))‖Lu‖Lp(Ω,X).
Combined with the estimate in Theorem 6.1 this yields the result. 
We are now in a position to prove the existence and uniqueness of
strong solutions for the Poisson problem with Dirichlet boundary data.
Theorem 6.4. Let Ω ⊂ Rd be open and bounded with a C1,1 boundary
and let L be an elliptic operator with a ∈ C
(
Ω,Rd×d
)
and c ≤ 0.
Furthermore let X be a space which has the UMD property. Then for
every data f ∈ Lp(Ω, X) and ϕ ∈ W 2,p(Ω, X) with 1 < p < ∞ there
exists a unique u ∈ W 2,p(Ω, X) solving Lu = f such that u − ϕ ∈
W 1,p0 (Ω, X).
Proof. By subtracting Lϕ from f one sees that it is enough to consider
the case ϕ = 0. Let first f =
∑n
k=1 fk ⊗ xk be a simple function with
fk ∈ L
p(Ω,R) and xk ∈ X . For the data fk the real-valued Theorem
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6.2 yields existence of a solution uk ∈ W
2,p(Ω,R) ∩W 1,p0 (Ω,R). Thus
the function
u :=
n∑
k=1
uk ⊗ xk
is a solution for f . For general f ∈ Lp(Ω, X) there exists a sequence
fn of finite sums of tensors which converges to f in L
p(Ω, X). Let un
be the solution for fn. Then by Proposition 6.3 we have
‖un − um‖W 2,p(Ω,X) ≤ C‖fn − fm‖Lp(Ω,X).
Hence un → u inW
2,p(Ω, X)∩W 1,p0 (Ω, X) and Lu = f . The uniqueness
follows from the Lp estimates. 
The existence theorem has the following converse which gives again
a characterization of the UMD property by a regularity property of the
Poisson equation on domains.
Corollary 6.5. Let 1 < p < ∞, Ω ⊂ Rd be an open and bounded set
with a C1,1 boundary and let X be a Banach space. The following are
equivalent:
(i) For every f ∈ Lp(Ω, X) there exists a unique u ∈ W 2,p(Ω, X) ∩
W 1,p0 (Ω, X) satisfying ∆u = f .
(ii) X has the UMD property.
Proof. It remains to show the implication (i) ⇒ (ii). Let ω ⊂⊂ Ω be
nonempty with a C1,1 boundary. For f ∈ Lp(ω,X) denote by f˜ the
extension to Rd by 0. Recall that w := Φ ∗ f˜ ∈ L1loc(R
d, X) satisfies
∆w = f˜ in D′(Ω, X).
Let u be the solution for f˜ according to (i). Then u−w solves ∆(u−
w) = 0. Theorem 1.2 shows that u− w has a harmonic representative
which is in particular in C2(Ω, X). Since u ∈ W 2,p(ω,X) we also have
w = u− (u−w) ∈ W 2,p(ω,X). Hence the Newtonian potential defines
a mapping from Lp(ω,X) into W 2,p(ω,X). We claim that the graph
of this mapping is closed. Let fn → f ∈ L
p(ω,X) such that Φ ∗ fn →
w ∈ W 2,p(ω,X). Then for every x′ ∈ X ′ the functions 〈fn, x
′〉, 〈f, x′〉
and 〈w, x′〉 satisfy the analogue. R has the UMD property and thus
Theorem 5.1 shows that 〈w, x′〉 = 〈Φ ∗ f, x′〉. Choosing x′ from a
countable separating subset of X ′ [14, Proposition B.1.10] yields the
claim. Now the closed graph theorem shows the existence of a constant
C ≥ 0 such that ‖Φ ∗ f‖W 2,p(ω,X) ≤ C‖f‖Lp(ω,X) for all f ∈ L
p(ω,X).
Finally, Theorem 4.3 shows that X has the UMD property. 
We want to relate Corollary 6.5 to the generator of the Dirichlet
Laplacian. At first we establish an abstract result.
Lemma 6.6. Let Ω ⊂ Rd be an open set, 1 ≤ p < ∞ and let T be
a positive strongly continuous semigroup on Lp(Ω,R) with generator
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A. Let X be a Banach space. Then there exists a unique strongly
continuous semigroup T˜ on LP (Ω, X) satisfying x′◦T˜ (t)f = T (t)(x′◦f)
for all f ∈ Lp(Ω, X) and all x′ ∈ X ′. Denote by A˜ its generator.
Let f, g ∈ Lp(Ω, X). Then f ∈ D(A˜) and A˜f = g if and only if
x′ ◦ f ∈ D(A) and A(x′ ◦ f) = x′ ◦ g for all x′ ∈ X ′.
Proof. By [14, Theorem 2.1.3] there is a unique bounded operator T˜t
on Lp(Ω, X) such that T˜t(f ⊗ x) = Ttf ⊗ x for all f ∈ L
p(Ω,R) and
all x ∈ X . This is the same as saying that x′ ◦ T˜tf = Tt(x
′ ◦ f) for
all f ∈ Lp(Ω, X) and x′ ∈ X ′. It is obvious from the first property
that T˜ := (T˜t)t≥0 is a strongly continuous semigroup on L
p(Ω, X).
For f, g ∈ Lp(Ω, X) one has f ∈ D(A˜) and A˜f = g if and only if∫ t
0
T˜sg ds = T˜tf − f for all t > 0. Using this and the corresponding
assertion for A the last claim follows from the fact that the integral
commutes with functionals. 
Now let Ω ⊂ Rd be open and bounded with a C1,1 boundary and let
1 ≤ p <∞. Then the operator A given by
D(A) :=W 1,p0 (Ω,R) ∩W
2,p(Ω,R)
Au := ∆u
generates a positive strongly continuous semigroup T on Lp(Ω,R).
Consider the induced semigroup T˜ on Lp(Ω, X), where X is a Banach
space, and denote by A˜ its generator. Then clearly
W 1,p0 (Ω, X) ∩W
2,p(Ω, X) ⊂ D(A˜)
by the preceding lemma. The identity does not hold in general:
Corollary 6.7. Let 1 < p < ∞ and let T,A, T˜ and A˜ be as above.
Then
W 1,p0 (Ω, X) ∩W
2,p(Ω, X) = D(A˜)
if and only if X has the UMD property.
Proof. By [14, Theorem 2.1.3] the norms of T and T˜ coincide. Since
‖Tt‖ ≤ Me
−εt for all t > 0 the same estimate holds for T˜ . Thus A˜ is
invertible. Now Corollary 6.5 yields the claim. 
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